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Abstract
In this paper, we have examined the Re´nyi holographic dark energy (RHDE) model in the framework
of an isotropic and spatially homogeneous flat FLRW (Friedmann- Lemaˆitre-Robertson-Walker)
Universe by considering different values of parameter δ, where the infrared cut-off is taken care
by the Hubble horizon. We examined the RHDE model through the analysis of the growth rate
of perturbations and the statefinder hierarchy. The evolutionary trajectories of the statefinder
hierarchy S13 , S
2
3 S
1
4 , S
2
4 versus redshift z, shows satisfactory behaviour throughout the Universe
evolution. One of the favourable appliance for exploring the dark energy models is the CND
(composite null diagnostic) {S13 − } and {S14 − }, where the evolutionary trajectories of the
{S13 − } and {S14 − } pair show remarkable characteristics and the departure from ΛCDM could
be very much assessed.
Keywords: RHDE; statefinder hierarchy; composite
null diagnostic(CND).
PACS: 98.80.Es, 95.36.+x, 98.80.Ck
I. INTRODUCTION
Presently cosmologists are facing the problem to
understand the reason behind the cosmic acceleration
[1, 2]. This can be explained by one of the methods
known as the concept of dark energy (DE). But the
nature of DE is not known yet. Various experiments
like LSST [3], DES [4], WFIRST [5] and DESI [6] will
survey the Universe to understand the nature of DE.
Adjoint to these surveys, the accelerated expansion of
the universe are supported by various observations like
CMBR anisotropies, BAO, SNeIa and LSS formation and
WL, which is also consistent with the current standard
cosmological model ΛCDM, where Λ is a constant com-
ponent of cosmological fluid with the equation of state
EoS ω = −1. Evolution of the cosmological constant
is characterized as DE. Since we can only notice the
impact of DE on the Hubble flow measuring observable
components like radiation and matter. Therefore, we
can not evaluate DE directly. Since the DE and gravity
are associated in the standard model, we can compute
the distribution of matter in the universe by ω = p(ρ),
where (ρ) is the matter-energy density and p is the
pressure. For simplicity, we take ω = p/ρ.
Currently, discussion is around on the authenticity of
∗vipin.dubey@gla.ac.in
†ambuj math@rediffmail.com
‡sharma.umesh@gla.ac.in
ΛCDM model, which resulting disagreement between
Plank [7] and other cosmological measurements like
strong lensing time delays (H0LiCOW), megamasers,
Cefeids (SH0ES), tip of the red giant branch (TRGB)
and Oxygenrich Miras and surface brightness fluc-
tuations [8]. These disagreements encourages one to
examine other options to the concordance model. To
imitate Λ according to the cosmological observations
at the present time, dynamical dark energy models
are most interesting approach. Various approaches are
extended theories of gravity [9], Bayesian reconstruction
of a time-dependent EoS [10], dark energy parametrisa-
tions [11–15], ω(z) reconstructions [16], modify gravity
[17, 18], non-parametric reconstructions of ω(z) [19, 20],
quintessence scenarios [21, 22] and dynamical ωx from
f(R) models [23, 24]. These models helps us in under-
standing the effects of DE. To describe the accelerated
expansion of the cosmos motivated by holograpic prin-
ciple [25–28], M. Li suggested Holographic dark energy
(HDE) where IR cutoff was taken care by future event
horizon [29]. After that Agegrapic dark enrgy (ADE)
model was suggested by Cai by taking length measure as
the age of the Universe [30]. By considering conformal
time as time scale, Wei and Cai suggested the New
agegraphic dark energy (NADE) model [31]. Gao et al.
[32] suggested the Ricci dark energy model by replacing
future event horizon with ricci scalar curvature. For
investigation of the cosmological and gravitational and
incidences recently, different entropies [33–36] has been
used to find new form of DE models such as Tsallis
holographic dark energy (THDE) model [37], Tsallis
agegraphic dark energy (TADE) model [38], Re´nyi
holograpic dark energy (RHDE) model [39] and and
Sharma-Mittal holograpic dark energy (SMHDE) model
[40]. Researchers had used these newly proposed dark
energy models in different scenarios[41–53].
Therefore, there is an absolute need for the diagnostic
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2tools which can discriminate these various form of
dark energy models. Keeping this in mind, different
diagnostic tools are proposed to discriminate among
various DE models. In [54], authors proposed the
growth rate of linear perturbations and statefinder
hierarchy, as null diagnostics to differentiate among
different dark energy models from ΛCDM model. The
statefinder hierarchy is a geometrical diagnostic which
involves higher-order differential coefficients of scale
factor a(t), and also model-independent [55]. Statefinder
hierarchy has been used to discrimination among BMG
(Bimetric Massive Gravity) theory, DGP models and
MGG (Modified Galileon Gravity) [56]. To differentiate
the HDE models and breaking the degeneracy, the
statefinder hierarchy has been investigated in [57]. To
discriminate among purely kinetic k-essence, modified
Chaplygin gas, superfluid Chaplygin gas, generalized
Chaplygin gas and ΛCDM model and for analysing
the deviation from the ΛCDM model, the statefinder
hierarchy and growth rate of perturbation has been used
[58, 59]. The statefinder hierarchy and the growth rate
of perturbations are used in [60–72]. Using statefinder
hierarchy in the non-flat Universe considering IR cut-
off as apparent horizon has been investigated by one
of the authors of present work for the THDE models [73].
In this work, we have explored the newly proposed
Re´nyi Holographic Dark Energy (RHDE) model through
the diagnostic tools described above in the flat FRW Uni-
verse by taking the Hubble horizon as an infrared cutoff,
which has not been explored earlier. Also, we have ex-
amined the deviation of the RHDE model from ΛCDM
using these diagnostic tools. The paper is structured as
follows; In Sect. II, we in brief visit the Re´nyi holo-
graphic dark energy. Sect. III is dedicated to discussing
the flat FRW cosmological model. Section IV is divided
into two subsections A and B, for the methods of the
statefinder hierarchy diagnostic and growth rate of per-
turbations analysis. Finally, in the last section, we have
given inferences.
II. RE´NYI HOLOGRAPHIC DARK ENERGY
MODEL
The form of the Bekenstein entropy of a system is S =
A
4 , where A = 4piL
2 and L is the IR cut-off. Another
modified form of the Re´nyi entropy [74] is given as:
S =
1
δ
log
(
δ
4
A+ 1
)
= S =
1
δ
log
(
piδL2 + 1
)
, (1)
Re´nyi HDE density, by considering the assumption
ρd dV ∝ TdS, takes the following form:
ρD =
3c2
8piL2
(piδL2 + 1)−1, (2)
By taking Hubble horizon as an IR cut-off L =
1
H
, we
obtained:
ρD =
3c2H2
8pi
(
piδ
H2 + 1
) , (3)
where c2 is a numerical constant as usual.
III. THE COSMOLOGICAL MODEL
For the flat FRW Universe, the metric is given as :
ds2 = −dt2 + a2(t)
(
dr2 + r2dΩ2
)
. (4)
In a flat FRW Universe, the Friedmann first equation,
involving DM and RHDE is defined as :
H2 =
1
3
(8piG) (ρD + ρm) , (5)
where ρD and ρm represent the energy density of
RHDE and matter, respectively. The energy density
parameter of RHDE and pressureless matter with the
help of the fractional energy densities, can be defined as
Ωm =
8piρmG
3H2
, ΩD =
8piρDG
3H2
, (6)
Now Eq. (5) with help of Eq. (6) can be written as:
1 = ΩD + Ωm (7)
The conservation law for matter and RHDE are given as
:
ρ˙m + 3Hρm = 0, (8)
ρ˙D + 3H(ρD + pD) = 0. (9)
in which ωD = pD/ρD represents the RHDE EoS
parameter. Now, using differential with time of Eq. (5)
in Eq. (8), and Eq. (9) combined the result with the
Eq. (7), we get
H˙
H2
=
3
2
(
piδΩD
piδ (2ΩD − 1) + (ΩD − 1)H(t)2 − 1
)
(10)
By Eq. (10), the deceleration parameter (DP) q is found
as
q = −1− H˙H2
q =
(1− 2δ)ΩD(t) + 1
2 (1− (2− δ)ΩD(t)) (11)
3Also, by taking the derivative with respect to time of Eq.
(3), we get
˙ρD = 2ρD
H˙
H
(
piδ
piδ +H2
+ 1
)
(12)
Now by using the Eqs. (12) with Eqs. (9) and (10),
we gets expression for EoS parameter as:
ωD = − piδ
piδ (2ΩD − 1) +H2 (ΩD − 1) . (13)
Also, taking the time differential of the energy density
parameter ΩD with Eqs. (10) and (12), we find
Ω′D = −
3pic2δH2 (ΩD − 1)
(piδ +H2) (piδ (2ΩD − 1) +H2 (ΩD − 1)) (14)
where the dot is the derivative while considering time
and prime lets us obtain the derivative concerning ln a.
δ = - 1000δ = - 1200δ = - 1400
LCDM
-1 0 1 2 3 4 5
0.5
1.0
1.5
2.0
2.5
z
S
3(1)
FIG. 1: Graph of S
(1)
3 versus redshift z, for non- interacting
RHDE with Hbbble radius as the IR cutoff. Here, H(z =
0) = 70, ΩD(z = 0) = 0.73 and different values of δ.
IV. THE METHODS OF DIAGNOSTIC
In this work, we used two diagnostic tools, statefinder
hierarchy and growth rate of perturbations. We shall
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FIG. 2: Graph of S
(2)
3 versus redshift z, for non- interacting
RHDE with Hbbble radius as the IR cutoff. Here, H(z =
0) = 70, ΩD(z = 0) = 0.73 and different values of δ.
explore the RHDE model to discriminate from ΛCDM
model with the help of these two diagnostic tools in this
section.
A. The Statefinder Hierarchy diagnostic
Here, statefinder hierarchy diagnostic will be reviewed
for the RHDE model will be described. The Taylor ex-
pansion of the scale factor a(t)a0 =
1
z+1 , around the present
epoch t0 is given as:
a(t)
a0
=
∞∑
n=1
An(t0)
n!
[H0 (t− t0)] n (15)
Where An =
an
aHn , a
n is the nth derivative of the scale
factor a verses cosmic time t and n ∈ N. The statefinder
hierarchy Sn is defined as follows [75]:
S2 = A2 +
3Ωm
2
, S3 = A3 and S4 = A4 +
9Ωm
2
,(16)
Aforementioned gives the diagnostics for the model
(ΛCDM) with n ≥ 3, i.e., Sn|ΛCDM = 1. Hence by
the use of Ωm =
2(q+1)
3 the statefinder hierarchy S
(1)
3 ,
S
(1)
4 can be written as:
S
(1)
3 = A3, and S
(1)
4 = A4 + 3(q + 1), (17)
4δ = - 1000δ = - 1200δ = - 1400
LCDM
-1 0 1 2 3 4 51
2
3
4
5
z
S
4(1)
FIG. 3: Graph of S
(1)
4 versus redshift z, for non- interacting
RHDE with Hbbble radius as the IR cutoff. Here, H(z =
0) = 70, ΩD(z = 0) = 0.73 and different values of δ.
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FIG. 4: Graph of S
(2)
4 versus redshift z, for non- interacting
RHDE with Hbbble radius as the IR cutoff. Here, H(z =
0) = 70, ΩD(z = 0) = 0.73 and different values of δ.
For ΛCDM model, S
(1)
n = 1. In [72] it gives a path for
construction of second Statefinder S
(1)
3 = S3 namely
S
(2)
3 =
S
(1)
3 − 1
3
(
q − 12
) (18)
In concordance cosmology S
(1)
3 = 1 while S
(2)=0
3 .
Hence,
{
S
(1)
3 , S
(2)
3
}
= {1, 0} gives a model independent
means for forming a distinction between the dark energy
models from the cosmological constant [72]. Eq. (18)
gives the second member of the Statefinder hierarchy
S(2)n =
S
(1)
n − 1
α
(
q − 12
) , (19)
where α is an arbitrary constant. In concordance cos-
mology S
(2)
n = 0 and{
S(1)n , S
(2)
n
}
= {1, 0}, (20)
Some of degeneracies in S
(1)
n can be removed by using
the second statefinder S
(2)
n . For the dark energy model,
we have
S
(1)
3 =
1
2
(9ωD) (ωD + 1) ΩD + 1 (21)
S
(2)
3 = ωD + 1 (22)
S
(1)
4 = − 14
(
27ω2D
)
(ωD + 1) Ω
2
D−
1
2
(27ωD) (ωD + 1)
(
ωD +
7
6
)
ΩD + 1 (23)
S
(2)
4 = −
1
2
ωD (ωD + 1) ΩD − (ωD + 1)
(
ωD +
7
6
)
(24)
where S
(2)
4 =
S
(1)
4 −1
9(q− 12 )
and q − 12 = 12 (3ωD) ΩD. As we
demonstrate in figures 1, 2, 3, 4 the Statefinder hier-
archy
{
S
(1)
n , S
(2)
n
}
give us a nice way to differenciating
dynamical dark energy models from ΛCDM model.
Fig. 1, shows the evolutionary trajectories of S
(1)
3 (z)
for the RHDE model by considering different values of
δ. The separation of curvilinear shape is more distinct
of the RHDE model in the region 0 ≤ z ≤ 3 for different
values of δ. It is observed that all the curves of S
(1)
3 (z)
starts below the ΛCDM line S
(1)
3 = 1 and monotonically
increases by crossing the ΛCDM line S
(1)
3 = 1 form
convex vertices in the region 0 ≤ z ≤ 3 and then follow
the close degeneration together into ΛCDM S
(1)
3 = 1, at
5low-redshift region. The curves of S
(1)
3 (z) discriminate
well from ΛCDM in the high-redshift region but highly
degenerate in low-redshift region. This also shows that
different values of δ has quantitative impacts on the
S
(1)
3 (z).
Fig. 2, shows the evolutionary trajectories of S
(2)
3 (z)
for the RHDE model in the framework of an isotropic
and spatially homogeneous flat FRW Universe by
considering different values of parameter δ, where the
infrared cut-off is taken care by the Hubble horizon.
We observe that the evolutionary trajectories of S
(2)
3 (z)
are well differentiated from ΛCDM line S
(2)
3 = 0, at
high red-shift region. It starts descending monoton-
ically from the high-redshift region and by crossing
the ΛCDM line S
(2)
3 = 0, forms concave vertices and
degenerate closely together with ΛCDM S
(2)
3 = 0,
at low-redshift region. These results shows that dif-
ferent values of δ has quantitative impacts on the S
(2)
3 (z).
In Fig. 3, we give the graph for S
(1)
4 evolution versus
z i.e. redshift for the RHDE model by considering
different values of δ. We notice that evolutionary tra-
jectories of S
(1)
4 evolves above the ΛCDM line S
(1)
4 = 1,
at high-redshift region and monotonically increases.
Forming first concave vertex by touching the ΛCDM
line and again it increases monotonically and forms
convex vertices. While the evolutionary trajectories of
S
(1)
4 for δ=-1200, crosses the ΛCDM line. Finally these
curves degenerate closely together with ΛCDM S
(1)
4 1, at
low-redshift region. We notice only quantitative impact
on the S
(2)
3 (z) by varying δ.
In Fig. 4, we give the graph for S
(2)
4 (z) evolution
versus z i.e. redshift for the RHDE model by considering
different values of δ. It is well-differentiated and evolves
below the ΛCDM line S
(2)
4 = 0 at the high red-shift
region, and increases monotonically and form convex
vertices at ΛCDM line for all values of δ. Then it de-
creases monotonically, again by making concave vertices
finally degenerate closely together with ΛCDM line at
the low red-shift region. These evolutionary trajectories
shows only quantitative impact on the S
(2)
4 (z) by varying
δ.
From figures 1-4, we observe that all the curves
superposing at ΛCDM line in the low-redshift region and
all the curves separate well in the high-redshift region.
So there are two shortcomings in the figures of S
(1)
3 (z)
and S
(1)
4 (z). Hence the single diagnostic of geometry
is not sufficient. It will be better to combine with the
fractional growth parameter, as CND for getting more
clear discrimination.
δ = - 1000δ = - 1200δ = - 1400
LCDM
-1 0 1 2 3 4 5
0.95
0.96
0.97
0.98
0.99
1.00
1.01
z
ϵ(z)
FIG. 5: Graph of (z) versus redshift z, for non- interacting
RHDE with Hbbble radius as the IR cutoff. Here, H(z =
0) = 70, ΩD(z = 0) = 0.73 and different values of δ.
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FIG. 6: Graph of S
(1)
3 versus (z), for non- interacting RHDE
with Hbbble radius as the IR cutoff. Here, H(z = 0) = 67,
Ωm(z = 0) = 0.26, R = 10000 and different values of δ (upper
panel) and H(z = 0) = 67, Ωm(z = 0)0.26, δ = −600 and
different values of R (below panel).
6TABLE I: The present values of statefinders and fractional
growth parameter, S
(1)
30 , S
(1)
40 , and 0, and the differences of
them, 4S(1)30 , 4S(1)40 , and 40
δ −1000 −1200 −1400
S
(1)
30 1.24276 1.34219 1.38857
S
(1)
40 1.23685 1.36591 1.43563
0 0.995679 0.996293 0.996101
4S(1)30 0.145811
4S(1)40 0.198776
40 0.000421673
★
LCDM
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FIG. 7: Graph of S
(1)
4 versus (z), for non- interacting RHDE
with Hbbble radius as the IR cutoff. Here, H(z = 0) = 70,
ΩD(z = 0) = 0.73 and different values of δ.
B. Growth rate of perturbations
The fractional growth parameter (z) [76, 77] is deter-
mined as
(z) =
f(z)
fΛCDM(z)
(25)
Here f(z) = d log δd log a is the growth rate of structure. Here,
δ = δρmρm , with δρm and ρm being the the density pertur-
bation and energy density of matter (including CDM and
baryons), respectively. If the perturbation is in the lin-
ear fashion and without any interaction between DM and
DE, then we can say that the equation of perturbation
at late times can be:
δ¨ + 2δ˙H = 4piδGρm (26)
Here, Newton’s gravitational constant is represented
by G. So, the approx growth rate of linear density per-
turbation can be reflected by [78]:
f(z) ' Ωm(z)γ (27)
γ(z) =
(3(1−ωD)(1− 3ωD2 ))(1−Ωm(z))
125(1− 6ωD5 )3
+
3
5− ωD1−ωD
(28)
where Ωm(z) =
ρm(z)
3H(z)2M2p
, the fractional density of
matter, Ω is constant or varies slowly with time. (z)
= 1 and γ ' 0.55 are the values for the ΛCDM model
[78, 79]. For other models (z) exhibits differences from
ΛCDM which would be the possible reason for its use as
a diagnostic. By applying the composite null diagnostic
CND ≡ {Sn,} where {Sn,} = {1, 1} for ΛCDM, we
can make use of both matter perturbational as well as
geometrical information of cosmic evolution. While, we
can analyze and present only one-side information of
cosmic evolution by using one single diagnostic tool.
For the diagnose of diverse theoretical DE models,
the evolution of the fractional growth parameter (z) is
analysed. The evolutionary trajectories of (z) versus
redshift z for a spatially homogeneous and an isotropic
flat FRW Universe of RHDE model by considering
different values of δ are plotted in Fig. 5. It is observed
that the evolutionary trajectories of (z) evolves below
the ΛCDM line (z) = 1 and the curves separate well at
the high red-shift region. The curves for δ = - 1200, δ
= - 1400 are monotonically increasing and form convex
vertices by crossing the ΛCDM line from past to present.
The evolutionary trajectories of (z) for δ = - 1000,
behaves in the same way but it does not cross the ΛCDM
line. Presently, these curves are degenerated together
and decrease monotonically for the low red-shift region.
Fig. 6 shows the evolutionary trajectories of
{
S
(1)
3 , 
}
of RHDE model by considering different values of
δ. Where star symbol denotes the ΛCDM model{
S
(1)
3 = 1,  = 1
}
. From figure we observe that, curve
evolves near ΛCDM model and monotonically increases
and forms convex vertices and finally all these curves
degenerated together to the line S
(1)
3 = 1 at low red-shift
region.
Fig. 7 is the the evolutionary trajectories of the
CND pair
{
S
(1)
4 , 
}
for the RHDE model by considering
different values of δ (upper panel) and R (below panel).
The evolutionary trajectories of
{
S
(1)
4 , 
}
shows similar
7characteristic as the curves of
{
S
(1)
3 , 
}
. These results
shows that adopting different values of δ has quantitative
impacts and the deviation from ΛCDM can be seen in
this figure.
The evolutionary trajectories of the CND pair{
S
(1)
4 , 
}
for the RHDE model by considering different
values of δ are depicted by Fig. 7. The behaviour of{
S
(1)
4 , 
}
are similar to the
{
S
(1)
3 , 
}
. In the Research
work of cosmology, the present values of the parameters
keeps important. In this direction we calculated the
the present values of parameters S
(1)
30 , S
(1)
40 , and 0 of
the RHDE model by considering different values of δ
and also the differences of them, for each case 4S(1)30 =
S
(1)
30 (max)- S
(1)
30 (min), 4S(1)40 = S(1)40 (max)- S(1)40 (min),
and 40= 0(max) - 0(min), which is given in Table 1.
We observe that 4S(1)40 = 0.198776 > 4S(1)30 = 0.145811.
We can see 4S(1)40 > 4S(1)30 , which means that the
fourth-order derivative of the scale factor in comparison
to third-order derivative, intensifies the degeneracy of
present values. Therefore S
(1)
40 in comparison to S
(1)
30
gives more variance for different values of δ among the
cosmic evolution of RHDE type of DE. Which helps us
to distinguish different theoretical models.
V. CONCLUSIONS
The paper uses the Re´nyi Holographic Dark Energy
model in the framework of an isotropic and spatially
homogeneous flat FRW Universe by considering different
values of RHDE parameter δ, where the infrared cut-off
is taken care by the Hubble horizon. This can be
summarized as
• In this paper, we examined the deviation of RHDE
model from ΛCDM with statefinder hierarchy sup-
plemented by the growth rate of perturbations.
• The statefinder hierarchy S(1)3 , S(2)3 , S(1)4 and S(2)4 ,
which contain the third and fourth derivatives of
the scale factor, have been plotted versus red-shift
z. The evolutionary trajectories of S
(1)
3 evolve
below the ΛCDM line while S
(1)
4 evolves from
above the ΛCDM line. The separation of the
curvilinear shape of both parameters is more
distinct in the region 0 ≤ z ≤ 3 for different values
of δ. The evolutionary trajectories of S
(2)
3 evolves
above the ΛCDM line and crosses the ΛCDM
line but S
(1)
4 evolves below the ΛCDM line and
never crosses the ΛCDM line. All parameters
degenerated closely together into ΛCDM line, at
the low-redshift region.
• We have also examines the growth rate of struc-
ture (z) by plotting it versus red-shift z along
with the combination of statefinder hierarchy Sn.
The evolutionary trajectories of (z) degenerated
together and decrease monotonically for low
red-shift region. The curves of (z) separate well
at high red-shift region for different values of δ.
The evolutionary trajectories of
{
S
(1)
3 , 
}
. and{
S
(1)
4 , 
}
, shows the same deviation from ΛCDM
model of RHDE model for all values of δ.
• For alleviating the degeneracy existing in other
statefinder parameters for DE models, comparison
of the present-value differences of the parameters
S
(1)
30 , S
(1)
40 plays an important role. By using CND,
we can discriminate RHDE model from ΛCDM.
Since 4S(1)40 > 4S(1)30 , hence we can say that the
fourth-order hierarchy of statefinder is a better
choice than the third-order hierarchy for the RHDE
model. Therefore, the above investigation con-
cludes that the higher-order statefinder hierarchy,
with the growth rate of perturbations, can differ-
entiate the RHDE model from the ΛCDM model
and also from itself with different parameter values.
We hope that in future high precision observa-
tions, for example, SNAP-type investigation can
be equipped for deciding the cosmological param-
eters exactly and consequently identify the correct
cosmological model and closer to understand the
properties of the RHDE model.
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